a r t i c l e i n f o a b s t r a c t 
more specific information as indicated in Lemma 2 of Section 3 below.
If a topological group G acts by a continuous action (g, x) → g · x : G × X → X on a space X , then X is called a G-space.
We shall apply compact transformation group theory to prove, in Corollary 3 of Section 2 below, the following result: We take Theorems 1 and 2 together and obtain rather directly
Corollary 1. Let G be a compact group and X a Tychonoff G-space with an orbit containing a nontrivial connected space. Then H(X) contains a closed subgroup H with a quotient group isomorphic to I. In particular, H and thus H(X) fail to be locally compact.
A group G acts effectively on X if no nonidentity element of G fixes all points of X . Naturally, if G acts effectively, then G is (up to isomorphism) contained in H(X). Therefore, if G = H(X), all orbits are totally disconnected, and since G acts effectively, a consequence is that G itself is totally disconnected. Thus 
and the evaluation map
are continuous, provided Y and Z are locally compact.
In the following let X be a Tychonoff space whose homeomorphism group
The compact-open topology on H(X) has a subbasis consisting of the sets
Similarly
Thus left and right translations permute the subbasic sets and therefore are continuous as are their inverses. A group with a topology for which multiplication is separately continuous is called a semitopological group. Thus we should recall that H(X) for an arbitrary topological space is just a semitopological group. Only additional assumptions will make it into a topological group. On the level of X , compactness of X is one of these, while local compactness of X just guarantees joint continuity of multiplication but not the continuity of the inverse. (See e.g. [5] for more information.) On the level of H(X) we have Ellis' Theorem which says that any locally compact semitopological (Hausdorff) group is a topological group [11] . [11] and J. Keesling [16] .)
Compact transformation groups
Let G be a compact group acting on a Tychonoff space X . For each x ∈ X define the isotropy group G x of G at x as
We denote with X/G = {G · x | x ∈ X} the orbit decomposition of the space X . Then X/G is a Tychonoff space and the orbit map p : 
is a nondiscrete quotient space of a compact Lie group and there is a local cross section for the quotient map G/N → G/H N, that is, there is a compact N-invariant subset C of G such that C /N is an n-cell in G/N containing the identity element N, and that
is a homeomorphism onto a closed identity neighborhood of G/N.
The compact group N is acting freely on C under multiplication with the orbit space C /N. Since the n-cell C /N is contractible, the action is trivial, that is, there is an n-cell
is a homeomorphism. (See for instance [12, 10.41] .)
It follows from (1) and (2) that
is a homeomorphism onto a closed identity neighborhood of G.
This happens iff n −1 g ∈ G x and this holds iff g ∈ H N. Thus (G/N) N·x = H N/N. Now we apply the Slice Theorem to the action of the Lie group G/N on the Tychonoff space X/N and let S ⊆ X be a closed N-invariant subset such that S/N is the closure of a slice for the action of the Lie group G/N at N · x ∈ X/N and for the isotropy group (G/N) N·x 
is a homeomorphism onto a compact neighborhood of N · x in X/N. By (2), the function j :
and that, therefore,
is a homeomorphism onto a compact neighborhood of x in X .
Moreover
Indeed we also know from the theory of slices that there is an equivariant retraction R :
is open in W and therefore in X as was claimed in (ii). 2
Notice that the Proposition persists if X = G · x with a suitable subset S ⊆ X .
In the following Corollary we continue the hypotheses and the notation of the preceding Proposition 2. 
Proof. Since n 1, up to a homeomorphism, we can represent the closed n-cell C as I × I n−1 such that
Homeomorphism groups with large subquotients
If G is a group with a subgroup H in which a subgroup K is normal we say that H/K is a subquotient. The following remark is straightforward: We shall now discuss the consequences of Condition (S) above and how, for a space X with a subset U , they produce closed retractive subquotients of H(X) isomorphic to I.
If X is a Tychonoff space and U a closed subspace with nonempty interior, then we abbreviate X \ U by U • . We note that D = U ∩ U • is the boundary both of U and U • . Let H(X; U ) denote the group of all homeomorphisms of X leaving U and U • invariant as a whole. Then H(X; U ) is a subgroup satisfying
Since for every closed subset C of X the subset {α ∈ H(X) : α(C) ⊆ C } is closed in H(X), we know that
H(X; U ) is a closed subgroup of H(X).
For a subset S ⊆ X let H S (X) denote the subset of all homeomorphisms which fix S elementwise. In this spirit let H D (X; U ) denote the closed subgroup of H(X; U ) which fixes the elements of the boundary D of U elementwise. Define
and
We have ker ρ = H U (X), and
both of these subgroups being closed in H(X) and contained in H D (X; U ). 
The following isomorphisms hold algebraically and topologically.
Accordingly, we also have 
which we regard as a sort of "boundary" of I × Y . The subspace I × {z} is homeomorphic to I. There is no harm at this time to identify I with the group of all homeomorphisms of I × {z} fixing (0, z) via the isomorphism α → α × ι z with ι z (z) = z. 
We let G

Lemma 2. (i) There is a continuous function σ
(ii) As a consequence, ρ : H → K is a quotient morphism, and 
. By Proposition 1 in Section 1, since I is a compact space, I is a topological group and (α, r) → α(r) : I × I → I is continuous. Hence σ (α × ι z ) and its inverse are continuous and σ (α × ι z ) is a homeomorphism of I × Y . Now let (r, y) ∈ B. If r ∈ {0, 1}, then β(r) = r for all β ∈ I and thus σ (α × ι z )(r, y) = (r, y). If y ∈ Z , then f (y) = 0 and thus f (y) * α = id I and so σ (α × ι z )(r, y) = (r, y).
In order to see (ii) and (iii) just recall that for a morphism p : H → I with kernel K and a cross section s :
) and that p is equivalent to a projection.
(iv) is an immediate consequence of Definition 1. 2
We are now ready for the main lemma which will establish Theorem 2 of Section 1. 
Lemma 3. Let X be a Tychonoff space with an open subset V contained in a closed
Proof. Retaining the notation of Corollary 3 we notice that the boundary D of U is contained in η −1 (B). Pick an element z ∈ Z and set 0 = η −1 ((0, z) ). Then I = η −1 (I × {z}) and (I, 0) is homeomorphic to (I, 0) and to (I × {z}, (0, z)).
• η we identify I with H 0 (I), the group of homeomorphisms of I fixing 0. From Lemma 1(3) we know that
algebraically and topologically. 
Recall that ker ρ I = H I∪U • (X) and thus
is the group of all homeomorphisms of X inducing homeomorphisms of U and fixing I elementwise.
It follows that ρ is a retractive subquotient morphism on H(X).
After recalling from Definition 1 the concept of a closed retractive subquotient of a (semi)topological group, we now deduce from Lemma 3 and Corollary 3 the main result of the paper. Proof. Suppose that a locally compact semitopological group G has a closed subquotient H/K ∼ = I. By Ellis' Theorem (see Proposition 1 of Section 1), G is a topological group. The subgroup H is closed, hence locally compact, and so its quotient H/K is a locally compact group on the one hand and is homeomorphic to 2 (N) on the other which fails to be locally compact. This contradiction proves the claim. 2
Every locally compact topological group contains an open subgroup G which is a projective limit of Lie groups G/N for a filter basis of compact normal subgroups N (see [18] ). From [14] we recall the concept of a pro-Lie group. Typically, R N is a pro-Lie group homeomorphic to 2 (N)-obviously not a locally compact group. On the other hand, SL(2, Q p ) for the field of p-adic rationals is locally compact but not a pro-Lie group. The proof of the following Lemma is harder than that of Lemma 4 above. We use some additional information on the group I. This group is isomorphic as a topological group to the group R of the order preserving homeomorphisms of R in the compact open topology (see e.g. [4, p. 207, Ex. C 1 ]). We know that the normal subgroup R c of all autohomeomorphisms of R which agree with the identity outside some compact set is simple (see [ Proof. Suppose that G is a pro-Lie group and consider a closed subquotient H/K ∼ = I. Then H is a pro-Lie group by the Closed Subgroup Theorem 3.35 of [14] . Let N be a normal subgroup of H such that H/N is a Lie group. Since the filter basis of such subgroups N converges to the identity in H , we can find an N such that 
Homeomorphism groups of G -spaces for compact G
As a first step we establish Corollary 1 in Section 1. In the following results G will denote a compact group, and X a Tychonoff space.
Corollary 4. If the G-space X has at least one orbit failing to be totally disconnected, then H(X) is not locally compact and also fails to be a pro-Lie group.
Proof. This is a consequence of Theorem 3 and Lemmas 4 and 5. 2
Finally, we give a proof of the title of the paper!
Corollary 5. A compact homeomorphism group H(X) of a Tychonoff space is a profinite topological group.
Proof. Assume that G def = H(X) is compact. Then X is a G-space to which Corollary 4 applies, and it follows that all G-orbits on X are totally disconnected. Since the functions f → f (x) : G → G · x, x ∈ X separate the points, G itself is a totally disconnected compact group, that is, a profinite group. 2
Corollary 6. If a homogeneous Tychonoff space has a compact homeomorphism group then it is finite.
Proof. Assume that the full homeomorphism group G = H(X) of the Tychonoff space X is compact and acts transitively. Then X is equivariantly homeomorphic to G/H for an isotropy group H = G x . By Corollary 5, G is profinite, and every homeomorphism of G/H is of the form xH → gxH for some g ∈ G. We suppose that the coset space G/H is infinite and claim that then it is a Cantor cube, that is, a power of the two element space 2 = {0, 1}. Indeed by [1, p. 88 Proof of Remark. 2-fold transitivity means that H(A) acts transitively on A \ {a} for each a. Since H(A) is compact, the orbit A \ {a} is compact for each a, and so every {a} is isolated. Since H(A) is transitive on A, we know that the orbit A is compact, and so A is finite. 2
It follows that C would have to be finite which is absurd and thus contradicts our supposition that G/H is infinite. 2
Representing profinite groups as full homeomorphism groups
We have shown that a compact homeomorphism group of a Tychonoff space is necessarily totally disconnected. We briefly review the reverse direction: Given a profinite group G, can it be realized as H(X) for a compact space X ? Since de Groot's papers, starting with [9] , authors have followed a general strategy:
Step (1): find some connected graph Γ , usually oriented, and find an isomorphic representation π : G → Aut(Γ ); the standard attempt is to use some form of Cayley graphs (see [9, 8, 2] ).
Step (2): find a rigid continuum C , that is, a continuum, that is, compact connected metric space, whose only continuous self-maps are the identity and the constant function (see [7, 10] ) and replace each of the directed edges of Γ by C or a variant obtaining a connected space X ; finally obtain an isomorphism γ : Aut(Γ ) → H(X) (see [9, 10, 2] ). Obtain an
For a profinite group one has the projective limit structure available as a tool.
Theorem 4. (Gartside and Glyn, 2003 [8]) Every metric profinite group is isomorphic to H(X) for a continuum X .
It is not immediately clear that the construction of Gartside and Glyn generalizes to arbitrary profinite groups. All known variations of the strategy are highly technical, and different variations lead to rather different phase spaces X . It would be nice to find a construction which is in some way canonical, perhaps even functorial. However, one of the major obstructions for representations of a profinite group in a combination with graph theoretical methods is that homeomorphism groups, like all automorphism groups in a category are, in no visible way, functorial.
Postscript
The question as to what was known on compact homeomorphism groups H(X) was recently reformulated by Emmanuel Dror Farjoun of Hebrew University of Jerusalem and was conveyed to us by Matatyahu Rubin of Ben Gurion University of the Negev. The authors have benefitted from discussions with him on this question. The ideas we had on the subject were outlined by us at the Conference in Israel on "Automorphism Groups of Topological Structures" at the Eilat Campus of the Ben Gurion University of the Negev in June 2010. Only afterwards did we profit from conversations with Jan van Mill at the Conference on "Algebra meets Topology" at the Polytechnical University of Barcelona in July 2010. He pointed out to us that the topic had been worked on by James Keesling [16, 17] who had proved for metric spaces X that locally compact homeomorphism groups H(X) cannot have nontrivial connected components by methods using Beck's study on flows on metric spaces [3] . Keesling also produced for each set S a one-dimensional metric space X such that H(X) = (Z/2Z) S and calculated the homeomorphism group of a solenoid which contains the group R of order preserving homeomorphisms of the real line as a factor.
In one aspect, our methods do not reach for Tychonoff spaces as far as Keesling's methods reach for metric spaces. He secures, under these circumstances, the zero dimensionality of locally compact full homeomorphism groups. Our methods, however, only yield that the identity component of a locally compact full homeomorphism group of a Tychonoff space is a Lie group which is homeomorphic to R n . Although unlikely, we cannot rule out that such a situation might occur with n > 0.
In the reverse direction for a given profinite group G, Gartside and Glyn construct for each metric G a compact connected space X such that G ∼ = H(X). In our preprint [15] we attempted a different approach, constructing a topological directed graph Γ with G = Aut(Γ ), but so far we succeeded only for monothetic G.
